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COULOMB FORCES AND POTENTIALS IN 
SYSTEMS WITH AN ORTHORHOMBIC 

UNIT CELL 

JOHN EEKNER 

Department of Physics, Victoria Universily of Wellington, 
Wellington, New Zealand 

(Received February 1997; accepted July 1997) 

R. Sperb’s development of the author’s earlier work on summation of Coulomb fields in 
periodically repeated systems with a cubic unit cell is extended to systems with an orthorhombic 
unit cell. This permits rapid evaluation of Coulomb forces and potentials in systems other than 
those with a cubic unit cell. A general formula enables the Madelung constant to be calculated, 
as a function of the cell dimensions a, b and c. 

Keywords: Coulomb forces; orthorhombic unit cell 

1. INTRODUCTION 

The author has derived formulae for the rapid evaluation of sums, over 
periodically repeated cells containing charges, of Coulomb forces and 
potentials [l]. In the two-dimensional case the cells had equal dimension in 
the repeated directions; in the three-dimensional case the cells were assumed 
to be cubes. Clark, Madden and Warren [2] have generalized the formulae 
for the two-dimensional repetition of the central cell to an arbitrary 
orthorhombic cell. Sperb [3] has given an elegant rederivation of the 
author’s formulae, based on Fourier analysis of the periodic fields, and also 
showed how the restriction to cubic cells may be removed. This note gives 
explicit formulae for the Coulomb forces and potentials in a system of 
periodically repeated rectangular cells. The immediate motivation is the 
author’s investigation of the dependence of the Coulomb energy in ice on 
proton order or disorder; a byproduct of the general formulae is that the 
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358 .I. LEKNER 

Madelung constants of orthorhombic systems can be written down 
analytically. 

2. FORCE COMPONENTS, AND THE LAPLACIAN 

We use the notation of reference [I]: the force exerted on particle i by the 
particle j ,  and by all the repetitions of particlej in the periodic system, is 

where q; and qj are the charges on particles i and j .  (Note that the periodic 
repetitions of particle i give zero force on the charge i in the central cell.) Let 
the cell whose repetition forms the system be rectangular, with x, y and z 
dimensions a, b and c, and let the central-cell components of t h e j  to i 
displacement vector ri- r, be defined in terms of dimensionless coordinates 
<, rl and c as 

Then we can write F; in terms of dimensionless components as 

9; 4j 
a2 

F; = __ (X, Y,  2) (3) 

where X, Y and Z are functions of the normalized displacement components 
6, q and C, and of the cell dimension ratios b/a and c/a: 
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COULOMB FIELDS 359 

Note that a, the x dimension of the unit cell, has been chosen to play a 
special role. 

We define Pmn (7, Q by 

and use identities (9, (13) and (7) of [l] to reduce X to a rapidly convergent 
series over modified Bessel functions: 

m m w  

= 87r lsin(2dJ) KO (27rlpmn) 
I= 1 m, n=-co 

A generalization of this formula to arbitrary power laws has already been 
given by Sperb ([3], equation 11). Similar expressions can be written down 
for the Y and Z components of the force: 

Y =  - 87rc msin(27rm~) (;I2 ,, 
Let us suppose that there exists a pair potential U,  such that Fi= - V i  U,. 
The Laplacian of such a potential would then be 
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360 J. LEKNER 

In the cubic case we found (111, end of section 4) that the Laplacian is a 
constant, taking the value which corresponds to a uniform neutralizing 
background charge in the Poisson equation. Here the volume of the cell is 
abc, and the Laplacian takes the value corresponding to a uniform 
neutralizing background because the following equality holds: 

= -(47r)-‘ 

(9) 

3. THE POTENTIAL ENERGY PER UNIT CELL 

While the periodic self-replication of a particle gives zero force on that 
particle, the Coulomb energy due to these repetitions is infinite in a system 
where the unit cell is repeated to infinity. To find the potential energy per 
unit cell we shall follow the elegant methods of R. Sperb [4], in which the 
cancellation of the infinite self-energies in a neutral system is made explicit. 

Consider first two charges qi and qj. The potential energy of their 
Coulomb interactions, with each other and with their own and each other’s 
images, is as follows: 

qi with qj in central cell __ 4i qj [ti. + p& ( ~ 9 ,  <i j ) ] -”2  a 
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COULOMB FIELDS 36 1 

qi with self-images: &$ 2 2’ k’ + ( $)2m’ + ( :)’n2] -1’2 
, m, n=-w U 

q, with self-images: 
a I ,  m, n=--00 

(The prime on the summations means that the term with 1, m, n all zero is to 
be omitted; pmn(v,  Q is defined in (5 ) . )  We note that the interactions with 
particles outside of the central cell should be counted as belonging half to 
the central cell and half to each other cell. The Coulomb energy per cell is 
thus 

where the sums S and T are defined as 

I ,  m, n=-w 

We will calculate T from S in the limit as the distance between the 
particles in the central cell, ro = + (bq)’ + (c 5)2]1’2, tends to zero: 

r,-0 S(E, 71, C) - [ t2 + (!$$’ + (s)’ c2] -”’} (14) 

Following Sperb [4] we shall work with 

I ,  m, n=-w 

and later take the limit of p-0. The expression which follows is a 
generalization of Sperb results to a non-cubic unit cell; we assume for 
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362 J.  LEKNER 

simplicity that the dimensionless z-displacement 
1<1 5 1. Then (see the Appendix) 

is restricted to the range 

To evaluate T we will use the result ( [ 5 ] ,  equation 8.526.1) 

W 
2 -112 4 c  cos (27rIt)&(27rIP) = 2[Y + log(p/2)1 + It2 + P I  

/=I +c { [ ( I - < ) 2 + p 2 ] - 1 ’ 2  - I-’} (17) 
1= 1 
m 

+ c {[(I + <)2 + p 2 p 2  - /-’} 
I= I 

(y is Euler’s constant, 0.5772 . , .). Here and in the following we let p stand 
for Poo(77, 0 7  i.e. 

The logarithmic singularity as p ---f 0 in the sum over the modified Bessel 
functions in (16), made explicit in (17), is cancelled by the n =  0 term of the 
sum over logarithms in (16), of which the leading terms as p tends to zero is 
-2 log (27rpalb). (An explicit formula for the 7, = 0 case is given in the 
Appendix.) Thus T, defined in (14), reduces to 

T = 5 (2) + ?($) + 27 - 210g(47ru/b) P2 3 b  
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COULOMB FIELDS 363 

where the prime on the summation indicates that the term with m and n both 
zero is to be omitted. 

We are now in position to evaluate the Coulomb energy per cell, given in 
(1 1). The coefficient of the singular term (47r/p2)(u2/bc) is 

since the net charge in each cell is zero. Thus for neutral systems the 
Coulomb energy is well-defined in the limit of p-0. Note that the 
coefficient of (n/ 3) (c/b) likewise cancels for any neutral system. The energy 
for an arbitrary number of particles is given by substituting (16) and (19) 
into (1 1). For two particles in the unit cell, with charges + q and -9, the 
energy per cell is, with [ = tI2, etc, 

where Yis a dimensionless potential function. From (6) and (16) we see that 
the x-component of the interparticle force is X= -aV/a[. Note that the 
x-dimension of the unit cell plays a special role: Y =  -(a/b) dV/dv and 

The form of (21) is that of a potential energy of one pair of particles, even 
though the interaction of an infinity of particles is involved. For a neutral 
cell with any number of charges, the Coulomb potential energy can be 
written as a sum over pairs: from (11) and (20) we have 

z= -(a/c) avjac'. 

i < j  

where S,  stands for S ( t U ,  qU, CU). The dimensionless potential function for 
each pair i, j is thus YU= Sq- T. Note that it is noncentral: 
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364 J. LEKNER 

where 
3t 

c ( a ,  b, C) = 2 log(47ra/b) - 27 + 4 log[ 1 - exp( -2nnc/b)] 

(24) 
n= I 

x x  

- 4 T X  p K o ( 2 ? i r [ ( b m ) 2  + (Cn)2]”2/a)  
/=1 m, n = - x  

These results are consistent with equation (43) of [l] because the expression 
X 

27r(q2 - c2 + + C log [I - 2 cos (27rq)e-2rlc+nl + e-4TiJc+nJ I 
(25)  

n = - x  

cosh [27r(q + m)] - cos ( 2 ~ 0  
-log lim n 

M=-m cosh( 27rm) - M  

is identically a constant, independent of 77 and c for 
value of this constant is 

< 1, < 1. The 

X 

A = log (2) + 2 log( 1 + e-4Tm) = 0.693 154 155. . . 
m=l 

and the constant C3 defined by (44) of [ 11 is also given by C3 = C(a, a, a) - 
A.  

For N charges per unit cell there are N(N-1) /2  pairs, and it appears that 
computational work must increase quadratically with N ,  but Sperb [4] has 
shown that the Coulomb energy per cell can be reformulated so as to 
increase linearly with N .  

4. MADELUNG CONSTANTS OF IONIC CRYSTALS 

Our formulae can be used to calculate the Madelung constants for ionic 
crystals with an arbitrary number of charges in a neutral orthorhombic cell. 
For example, in the case of charges + q  and -4 in the unit cell, in a CsCl 
structure deformed so that the dimensions a, b and c of the unit cell are not 
all equal, the Madelung constant defined in terms of the lattice dimension a 
is, from (16), (19) and (2I ) ,  
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COULOMB FIELDS 365 

- 41og( 1 - e-?rc/b) 

+ 4 c(-)‘F 2 KO (2d[b2 (m + i)’ + c2(n  + i)2] ‘ ’ ’ /a )  (27) 
I= 1 m,n =-w 

- 4 c’ Ko(2nl[b2m2 + c ’ ~ ~ ] ~ / ~ / u )  
[=1 m, n=-m 

(The two charges are at (0, 0,O) and (a/2, b/2, c/2), so the nearest-neighbour 
distance is d =  (a2 + b2 + c2)’”/2; the Madelung constant defined in terms of 
d is Md/a.) 

A simple check on our formulae is provided by considering a cubic lattice 
of the CsCl type to be made up from orthorhombic cells. For example in a 
unit cell of dimensions (a, 2a, a), charges of one sign are at (& r] ,  c) = (0, 0,O) 
and (0,1/2,0), while charges of the opposite sign are at (1/2,1/4,1/2) and 
(1/2,3/4,1/2). The Coulomb interactions are q2/a times 2V(0,1/2,0) 
-4V(1/2,1/4,1/2), and there are two f q  pairs in the enlarged unit cell, so 
that 

M(a,  2a, a) = 2V(a, 2a, a; i , a,  4) - V(a ,  2a, a; 0,; , 0) (28) 

The fact that M(a, 2a, a) = M(a, a, a) implies an identify between three 
dimensionless potentials V= S - T. (Numerically, both Madelung constants 
evaluate to 2.0353615.. . , in agreement with the quoted nearest-neighbour 
value [7] 1.76267477. . . ). An infinity of such identities can be derived, since 
the Madelung constants M(la, ma, nu) are all equal to M(a, a, a) for positive 
integer 1, m and n. 
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APPENDIX 

We consider the sum SB defined in (15). From [6] p. 17 #27 and equation 
(2.3) of [4] we have 

Both sides of this equation, with i- = pmn (71, C), are to be summed over m and 
n as in (15). The second term on the right is non-singular as P tends to zero, 
with a contribution to So-0 equal to 

The first term diverges as P tends to zero; we will calculate the leading terms 
in 

m. n=-m 

From 161, p. 56 # 43 and (2.3) of [4] we find, setting P‘=Pb/a, that 

where Rk = (27rm)’ + (p’)2. Again the second term on the right has a finite 
limit as p-0, and gives a contribution to .To of 
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COULOMB FIELDS 361 

where r, = IC + nlc/b. The sum over m in (A5) can be written as the real part 
of 

w r  

Thus the regular part of Jp can be expressed as a sum over logarithms: 

M 

+ exp (-4n(C + nlc/b)] 

Finally, it remains to consider the singular contribution to Jp ,  namely 

where a = pc/a. The sum over n is periodic in C and even in C, and by result 
(2.3) of [4] can be expressed as a cosine series: 

W 2 cos(2nnC) c e-4C+nl = - +4QC 
n=-m Q n=l a2 + (2nn)2 

2 Q cos(27rnC) =-+7C n2 + 0 ( ~ 3 )  
n=l 

The periodic function c;” cos(2nn<)/n2 = .”(: - 
this range of C we have 

+ C’) for 1C111, SO in 

Finally, the sum Ip (<) + L (77, C) + K(<, r] ,  C) gives (16). 
The potential function (16) appears to be singular when both the y and z 

displacements are zero. There is no physical reason for such a divergence, 
and in fact the potential function takes a regular form, derived below. We 
first consider the singular parts of Sp(t, 7, I) as p = J(b/a)’v2 + (c/u)’<’ 
tends to zero. These are 
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368 J .  LEKNER 

From (17) we see that the log p terms cancel, and what remains is 

where $ is the logarithmic derivative of the J? function. Thus the potential 
function V = S - T takes the form (for zero q, < and [<I < 1) 

The behaviour at small is V ( a ,  b, c; t ,  0,O) = I<I-’ + 0 (t2). In general, 
as t2+ p2 tends to zero, the potential function has the leading term [C2+ 
p2]-112, in accord with the expected dominant term in the potential energy 
of two charges in close approach, namely qiqj/ri i  
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